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Abstract—In the framework of fluctuational electromagnetic theory, analytical expressions are obtained for the
dynamic dissipative damping forces acting on the probe of an atomic-force microscope (AFM), as well as
between two plane surfaces at their contact. The contacts between materials typical of AFM, quartz-microbalance, and surface-force apparatus experiments are considered. The conditions for nondissipative slide are discussed. A comparison between the calculated oscillator quality factor associated with fluctuational dissipative
forces and its values obtained in AFM experiments with a silicon probe and a mica sample shows that they are
of the same order of magnitude; therefore, an experimental investigation of such forces is feasible. © 2001
MAIK “Nauka/Interperiodica”.

INTRODUCTION
Nanostructural mechanisms of energy dissipation
play a decisive role in the problem of friction as a
whole, and the fluctuational dissipative electromagnetic interaction is one of the most important factors in
the process of contactless slide of surfaces [1]. This
process is typical of the dynamical mode of operation
of an atomic-force microscope (AFM), and, therefore,
experimental AFM studies of dissipative forces have
considerable promise [2, 3].
In our recent papers [4, 5], the problem of damping
of atomic and molecular particles moving laterally over
the surface of a solid at a nonrelativistic velocity V was
treated in detail in the framework of the general theory
of fluctuational electromagnetic interactions. The
objective of this paper is further development and
application of this theory for calculating dissipative
forces acting on an AFM probe in the cases of different
combinations of the materials of the probe and sample.
We also discuss the role of fluctuational electromagnetic forces in measurements with a quartz microbalance [6, 7] and treat the problem on the friction of two
plane surfaces, which is the subject of some controversy in the literature [8–10].
1. DAMPING FORCE ON ATOMIC
AND MOLECULAR PARTICLES: THE PRINCIPAL
THEORETICAL RESULTS
The physical processes resulting in fluctuational
dissipative interactions are similar to those that lead to
conservative van der Waals attractive forces between
solids. The latter forces are due to quantum-mechanical
and thermal fluctuations of microscopic electric fields
associated with motion of charged particles. These fluctuating fields induce analogous fields in other interact-

ing solids, and, when the solids move relative to each
other, the interaction between them is accompanied by
Joule loss, which is considered the result of dynamical
damping.
In order to strictly calculate the fluctuational dissipative interaction force between an arbitrarily shaped
nanoprobe and a plane (or curved) surface in the framework of the theory developed in [4, 5], one should
determine the equilibrium fluctuation spectrum of the
electromagnetic field in the gap between the solids,
which is a complicated mathematical problem in itself.
In this case, some geometrical restrictions arise which
reflect the fundamental properties of forces of this kind,
in particular, of conservative van der Waals forces. In
the latter case, fortunately, the assumption of additive
interactions between individual particles is a close
approximation, which allows one to correctly calculate
the dependence of the resultant forces upon the spacing
between the solids; only the interaction constant is
affected by this approximation [11]. For a convex probe
and a plane surface, this constant, as calculated in the
additive-interaction approximation, is more than 5–
20% in error and can be corrected by its effective renormalization [12].
As a working hypothesis, we assume that the fluctuational dissipative forces are also additive and that this
additivity approximation gives the correct distance
dependence of the forces. A comparison with calculations that do not involve this approximation is further
shown (Section 5) to provide support for this assumption.
Following [4, 5], we consider the case where an
atom (molecule) moves at a nonrelativistic velocity V
parallel to the surface of a medium with a dielectric
function ε(ω) and is at a distance h from the surface. A
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neutral spherical particle is characterized by polarizability α(ω), while a dipole molecule is assumed to
have an arbitrarily oriented constant dipole moment d.

and in the case of a charged particle with charge Z1e,
this force is

In the limit of small velocities (which is of prime
interest for the dynamical mode of the AFM operation,
in which the typical nanoprobe velocities do not exceed
or are much smaller than 1 m/s) and in the range of distances r0 ! h ! c/ω0 (where r0 is the characteristic size
of atoms and ω0 is the frequency of orbital motion of
electrons), the damping force per atom was found to be
[4, 5]

(4)
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where ∆(ω) = (ε(ω) – 1)/(ε(ω) + 1) and the doubly
primed quantities are the imaginary parts of the corresponding functions. At T = 0, after some mathematical
manipulation, Eq. (1) is reduced to a simpler formula:
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We note that the condition r0 ! h ! c/ω0 allows one
to treat the particle as a point dipole and ignore the
retardation effects. In this case, the distance to the surface is limited from above by a value of 10–20 nm,
which is the exact value at which probing is efficiently
performed in the dynamical mode of the AFM operation. At h ≈ r0, spatial dispersion effects become significant and the dependence of the dielectric function
upon the wave vector should be taken into account.
Nonetheless, in this case, too, Eqs. (1) and (2) account
for a certain (perhaps, dominant) part of the interaction.
Here, the situation is analogous to that which takes
place when one calculates the interaction energy
between two neutral atoms in the vicinity of the van der
Waals minimum: the dipole–dipole interaction makes a
significant contribution to the interatomic interaction
energy, although, strictly speaking, the atoms cannot be
considered as point dipoles when the separation
between them is so small.
Damping of motion of a dipole molecule with
dipole moment d = (dx , dy , dz) is characterized by the
dissipative force [5]
3 ( 3d x + d y + 4d z )V
-,
F = – ---------------------------------------------5
32σh
2

2

PHYSICS OF THE SOLID STATE

2

Vol. 43

(3)
No. 3

2001

( Z1e)
-3 V ,
F = – -----------------16πσh
2

where σ is the static conductivity. In the case where the
particle moves perpendicular to the surface, an extra
factor of 2 occurs in Eqs. (3) and (4). More general formulas describing damping of a dipole molecule and a
charged particle were also derived in [4, 5]. No general
formula has yet been derived for the damping force acting on a neutral atom moving perpendicular to the surface.
2. DAMPING FORCE
ON THE MOVING NANOPROBE
We assume that the probe has the form of a paraboloid of revolution which is described by the canonical
equation z = d + (x 2 + y2)/2R, where z is measured from
the surface of the sample, d is the minimum distance
from the surface to the apex of the probe, and R is the
probe’s radius of curvature.
By using the Clausius–Mossotti equation, the
atomic polarizability can be expressed in terms of the
dielectric function ε(ω) of the material of the probe.
Thus, we have
3
ε(ω) – 1
α'' ( ω ) = ----------- Im --------------------- ,
4πN ε ( ω ) + 2

(5)

where N is the volume concentration of atoms. In what
follows, the dielectric functions of the probe and the
surface under investigation are labeled by indices 1 and
2, respectively. By substituting Eq. (5) into Eq. (1) and
integrating over the probe’s volume, the resultant lateral damping force can be found to be
3 "RV
J ( ε 1 ( ω ), ε 2 ( ω ) ),
F = – --------- ----------64π d 3

(6)

where J(ε1(w), ε2(ω)) is the overlap integral of the spectra. The structure of this integral is identical to that of
the integrand in Eq. (1), in which the imaginary part of
the polarizability is replaced by the imaginary part of
the quotient in Eq. (5) [4]. When deriving Eq. (6), it was
also taken into account that, in the typical case, the
AFM nanoprobe has a large aspect ratio (of height to
radius of curvature) and, therefore, the upper limit of
integration over the height of the probe can be extended
to infinity. At T = 0, the numerical factor in Eq. (6)
should be replaced by 3/32π and the integral J(ε1(ω),
ε2(ω)) becomes identical to the integral in Eq. (2) with
the substitution for the function α''(ω) indicated above.
The dominating contribution to J(ε1(w), ε2(ω))
comes from the frequency ranges where the absorption
bands of the interacting solids strongly overlap. Therefore, the contributions from the different mechanisms
operating in different spectral ranges should, in gen-
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after complicated algebra, the function J1(a, b) is found
to be

1.0
3

π(b – a)
J 1 ( a, b ) = -------------------------.
2
ab ( a + b )

0.6

At lower temperatures, where ω"/2kBT @ 1, Eq. (2) is
more convenient to use, because the hyperbolic cotangent in Eq. (1) can be replaced by unity in this case. By
substituting Eqs. (5) and (7) into Eq. (2) and performing integration, we obtain
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Fig. 1. Characteristic functions f1(x), f2(x), and xf1(x)
(curves 1, 2, 3, respectively). The ranges where these functions are negative correspond to nondissipative lateral
forces.

(7)

where σ1, 2 are the static conductivities. In order to take
high-frequency spectral ranges into account, one
should draw on formulas for the dynamical conductivities.
In the case of ω"/2kΒT ! 1, where the temperature
effects are significant, it is appropriate to use Eq. (1).
By substituting Eqs. (5) and (7) into Eq. (1), the functional J(ε1(ω), ε2(ω)) can be represented in the form
J 1 ( a, b ) =

∫
0
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x
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First, we consider two conducting materials being in
contact and represent the dielectric functions in the
standard form:

∞

2

2

With these results, the damping force is written as

eral, be taken into account. For uniform contacts, the
functional J(ε1(ω), ε2(ω)) for some model dielectric
functions was calculated numerically in our recent
papers [4, 13]. However, analytical expressions for the
friction forces are of prime interest. It turns out that
closed expressions for these forces can be derived in the
case where absorption in the low-frequency range of
the electromagnetic spectra plays a dominant role.

4πσ 1, 2
-,
ε 1, 2 ( ω ) = 1 + i --------------ω

(10)
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= -------------------------------------------------------------------.
2
2 2
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2

where f1(x) = x/(x2 + a2) and f2(x) = x/(x2 + b2). All integrals in Eq. (8) are reduced to tabulated integrals, and,
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Estimations show that T0 = 300 K for maxσ1, 2 =
1400 Ω–1 m–1; therefore, for materials (such as germanium and silicon) showing weak conductivity, smaller
than the value indicated above, the temperature effects
are significant and the damping force is proportional to
the temperature and given by Eq. (11a). For metals, the
parameter T0 is very large and Eq. (11b) is valid in
actual practice. Its singularity at 2σ2 = 3σ1 is a seeming
one; analysis shows that in this limit, we have F = 0,
which is also the case for Eq. (11a) at T = 0. Thus,
damping vanishes when the critical condition 2σ2 = 3σ1
is fulfilled. At 2σ2 < 3σ1, the lateral force on the nanoprobe becomes accelerative, because the probe gains
energy from surface plasmons. The functions f1(x),
f2(x), and xf1(x) [see Eq. (17a)], in terms of which the
damping forces are calculated, are plotted in Fig. 1
(curves 1, 2, 3).
An important feature of Eqs. (11) is their symmetry
relative to interchanging the probe and the surface at
σ1 = σ2. In this case, at T = 0, the damping force is quite
independent of the conductivities and equals F =
−0.002"RV/d3, which has a value of 0.0003 pN for typPHYSICS OF THE SOLID STATE
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ical AFM parameters R = 30 nm, d = 0.3 nm, and V =
1 m/s. At room temperature, for silicon–silicon-like tribometric contacts, more frequently used in AFM experiments, the damping force is much larger. For example,
for d = 0.3 nm, V = 1 m/s, R = 30 nm, T = 300 K, and
σ = 0.001 Ω–1 m–1, Eq. (11b) gives F = 1 nN, which is
comparable to the adhesive friction force in the closecontact regime. We note that velocities of 0.06–6 m/s
are typical of the dynamical mode of the AFM operation at an oscillation frequency of 1 MHz with amplitudes 10–1000 nm. It is possible that such (and even
higher) velocities should also take place for the closecontact mode of the AFM operation in the initial shortrun stage of the probe sliding over the surface.
Investigations of the interaction between two insulating materials and between a metal and an insulator
are also of practical importance. A surface force apparatus [14] is commonly used to investigate insulator–
insulator (e.g., mica–mica) interactions. We will
approximate the dielectric functions of insulators in the
low-frequency range by the Debye model expression:
ε–1
ε ( ω ) = 1 + ------------------ ,
1 – iωτ

(14)

where ε is the static permittivity and τ is the relaxation
time (for mica, τ = 10–10–10–9 s). The approximations in
Eq. (14) and Eq. (7) lead to the same functional of the
dielectric functions. With Eqs. (9), (10), and (14), the
damping forces for different combinations of materials
can be written in the following unified form:
(1) For the insulating probe and the insulator surface,
9k B TRV τ 1 ( ε 1 – 1 )(ε 2 – 1)
---------------------------------------- f 1( x), T @ T 0 , (15a)
F = – -------------------3
2
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(2) For the conducting probe and the insulator surface,
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(3) For the insulating probe and the conductor surface,
9 k B TRV ( ε – 1 )
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---------------- f ( x ),
F = – --------- ----------32π d 3 ( ε + 2 ) 2
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T 0 = --------max  -----------, 2πσ ,
 3τ
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(17b)

6πστ
x = -------------.
ε+2

(17c)

For silicon–mica contacts, we have T0 < 0.1 K and,
therefore, Eqs. (15a), (16a), and (17a) are valid under
any typical experimental conditions. As seen from Fig. 1,
the sign of the lateral force can be different, depending
on the ratio between the conductivities, the ratio
between the relaxation times, or the product στ.
It should be stressed once again that the formulas
derived in this paper determine only that part of the
fluctuational electromagnetic force which is due to
absorption in the low-frequency spectral range. Additional contributions can arise if the absorption bands
overlap in other spectral ranges.
3. A COMPARISON WITH AFM DATA
It is of considerable interest to compare the theoretically calculated fluctuational dissipative forces with
the available experimental AFM data. In [2], the dissipative forces were measured experimentally in the case
where the AFM silicon probe moved along a normal to
the surface of mica in a vacuum. The cantilever had
stiffness k = 40 N/m and natural frequency f = 300 MHz,
and the radius of curvature of the probe was R = 20 nm.
For an amplitude of A = 20 nm, the energy loss per
cycle was measured to be ∆W = 1–10 eV, depending on
the ratio d/A, where d is the initial spacing between the
probe apex and the surface in the absence of oscillations. In this case, the quality factor of the oscillating
probe Q = πkA2/∆W equals (0.3–3.0) × 105. It is obvious
that, for lateral oscillations of the probe at the same frequency and the same (fixed) spacing between the probe
apex and the surface, equal to h = d – A, the energy loss
rate is somewhat higher and the quality factor is lower.
By representing Eq. (16a) in the form F = –γRTV/h3,
the theoretical quality factor associated with fluctuational forces is found to be Qt = kh3/4πfγRT. For ε = 6,
τ = 10–9 s, and σ = 0.001 Ω–1 m–1, we obtain from
Eqs. (16a)–(16c) that γ ≈ 0.019kBτ. For the same values
of the probe parameters and h = 0.3 nm, the quality factor is equal to Qt = 5.3 × 107/T. Therefore, at temperatures 100–300 K, Qt is of the same order of magnitude
as the experimental values [2].
It should be noted that, in the case considered above,
Qt virtually does not depend on the conductivity of the
probe, but decreases in inverse proportion to increasing
relaxation time of the dielectric. On the whole, we have
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Fig. 2. Function F(x) given by Eq. (21) (xi ≡ x).

Qt ∝
in this case; this permits verification of
the predictions of the theory, which enables one to measure fluctuational electromagnetic forces. As has
already been noted above, a surprising prediction of the
theory is that the lateral damping force acting on the
probe can vanish and even become positive (Fig. 1). In
the case of the silicon–mica contact, the damping force
vanishes at σ = 3(ε + 1)/8πτ; therefore, for a fixed value
of τ, this condition can easily be satisfied by choosing
the appropriate doped material for the probe.
kh3/fτRT

In the experiment under discussion, the energy loss
can be associated not only with fluctuational dissipative
forces, but also with the breaking of adhesion bonds,
although the latter mechanism is more typical of the
close-contact mode of the AFM operation [1]. However, the damping force due to the breaking of adhesion
bonds is independent of the velocity and electrophysical properties and is likely to depend on the temperature only slightly [13]. These specific features can help
in the separation of the corresponding contributions to
the damping force.
4. FLUCTUATIONAL DISSIPATIVE FORCES AND
QUARTZ-MICROBALANCE MEASUREMENTS
Fluctuational dissipative forces can also be determined from crystalline-quartz microbalance experiments [6, 7], in which one measures the oscillation
damping of quartz oscillators (metal-coated quartz
plates). The presence of a film of adsorbed inert gases
on the surface of the plate causes a change in the Q factor of the oscillator and allows one to estimate the characteristic decay time of the translational motion of
adsorbed atoms. In the case of krypton on the surface of
gold, this time is about 1 ns.
Let us estimate the decay time due to fluctuational
electromagnetic forces from Eq. (2). The imaginary
part of the atomic polarizability can be written in the
most general case as (e and m are the charge and mass

f iγ iω

-,
∑ (-----------------------------------------ω –ω ) +γ ω
2 2

2
i

i

2
i

(18)

2

where the sum is over all electron transitions from the
ground state (0) of the atom to the excited states (i) of
the discrete spectrum and ωi, γi, and fi are the transition
frequency, linewidth, and oscillator strength, respectively. The high-frequency dielectric function of the
metal or semiconductor coating of the plate can be written in the standard Drude approximation as (ε = 1 for
the metal coating)
i( ω pτ )
(ω pτ)
-,
ε ( ω ) = ε – ----------------------2 + ---------------------------------2
1 + ( ωτ ) ωτ ( 1 + ( ωτ ) )
2

2

(19)

where ωp is the plasma frequency and τ is the relaxation
time for electrons.
By substituting Eqs. (18) and (19) into Eq. (2) and
going to the limit γi
0, we obtain
3"e τ V
- Φ ( a, y ),
F = -------------------5
4mz
2 2
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∑
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=
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∑ F ( a, y, x ) f y ,
2

i
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i
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where a = ε + 1, xi = ωiτ, and y = ωpτ.
Analysis shows that the terms in the sum in Eq. (21)
can have any sign. For metals, we have y @ 1 and the
Fi (a, y, xi) vanish at 2 wi ≈ wp for fixed values of xi.
The contributions from the transition frequencies wi ≥
wp / 2 correspond to an accelerative force; the other
frequencies contribute to the damping force. In order to
compute the function Φ(a, y), the specific distribution
of oscillator strengths should be given.
Figure 2 shows the dependence of Fi (a, y, xi) on xi
for the parameter values typical of gold: ωp = 8.8 eV,
τ = 3.7 × 10–15 s, a = 2, y = 50.2, and fi ≡ 1. It is seen
from Fig. 2 that Fi (a, y, xi) has no singularities, because
xi > 0; however, this function exhibits a characteristic
nonmonotonic change in the narrow spectral range
around xi ≈ y/ 2 , and, therefore, the dominant contribution to Φ̃ (a, y) comes from these transition frequencies. By putting fi ≈ 0.1 and df/dx ∝ x –3.5 (which adequately describes the optical and UV ranges of the
spectrum) and converting the sum in Eq. (21) to an integral, we arrive at the function Φ̃ (a, y) plotted in Fig. 3.
It is seen that, where the lateral force is negative,
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Φ̃ (a, y) < 0, which corresponds to the case of usual
damping.

The fluctuational dissipative forces per unit area of
the interacting surfaces were recently calculated [8–10]
using the Maxwell stress tensor for the case where two
parallel thick plates divided by a gap of width d move
relative to each other. An extended discussion of those
calculations is beyond the scope of this paper. However,
it should be noted that there is a fundamental discrepancy concerning the finite damping force proportional
to the velocity at T = 0; in contrast to our paper, this
force is missing from the results of the papers mentioned.
It is our opinion that the electric field in the gap was
calculated incorrectly in [8–10]. For example, Pendry
[8] used a heuristic expression for the field amplitude,
which allows for the inherent fluctuating field of one of
the plates and the field of the wave reflected from the
other plate, with the Fresnel reflection coefficient
including the Doppler shift due to the relative motion of
the surfaces. Volokitin and Persson [9, 10] used a more
general method, but their dynamical generalization of
formulas of the Lifshitz fluctuation theory for the electromagnetic field amplitude is not evident and, furthermore, a number of additional approximations were
made when passing over from the original relativistic
theory to the nonrelativistic case. The expressions
derived in [9, 10] for the damping force at T = 0 are
identical to those obtained by Pendry; however, at T ≠ 0,
the contribution to the damping force proportional to
the velocity is quadratic in T.
Vol. 43
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Fig. 3. Function Φ̃ (a, y).

In order to go to the case of two interacting plates in
our formulas for the damping force exerted on the convex probe by the plane surface, it is sufficient, rather
than to integrate over the probe volume, to integrate
Eq. (1) or Eq. (2) over h (from zero to infinity) and
divide the result by the area S of the surface of the plate.
Then, e.g., instead of Eq. (6), one obtains
F
9"V
--- = – ------------------- J ( ε 1 ( ω ), ε 2 ( ω ) ).
2 4
S
128π d

5. THE INTERACTION
BETWEEN PLANE SURFACES
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ε(0) = 1
ε(0) = 2
ε(0) = 3

–0.02
˜ (a, y)
Φ

For the surface of gold, we have Φ̃ (2, 50.2) =
−0.093. Using this result and Eq. (20), for the case of a
Kr atom adsorbed at a distance of 0.4 nm from the surface, we obtain the decay time ∆t = MV/F ≈ 0.6 ns (M is
the mass of a Kr atom), which is close to the experimental value. It should be noted, however, that the
value of ∆t is very sensitive to variations in τ, ωp, and z,
as is seen from Eqs. (20) and (21) and Fig. 3.
If adsorbed atoms form a film, an additional contribution to the damping force can arise because of
absorption in the low-frequency spectral range.
Another factor leading to an increase in the damping
force can be the appearance of localized dipole
moments and electric charges on adsorbed atoms. The
corresponding damping forces are given by Eqs. (3)
and (4), and these are fairly small in the case of good
conductors, such as gold. For example, for Z1 = 1, the
dipole moment d = 1D and z = 0.4 nm, the damping
forces are 4–5 orders of magnitude smaller than those
given by Eq. (20) and can be ignored. A completely different type of situation can occur for the surface of
graphite and silicon.

–0.01

561

(22)

The friction stress F/S for different combinations of
materials is obtained by multiplying the right-hand
sides of Eqs. (11) and (15)–(17) by a factor of 3/2πRd.
Thus, in the case under discussion, the dependence on
the gap width follows a power law with an exponent (in
the denominator) larger by unity than that in the case of
an interaction between the parabolic probe and the
plane surface.
We note that a formula little different from Eq. (22)
is derived from an intermediate result obtained by Pendry (Eq. (18) in [8] in the low-velocity limit). In comparison with Eq. (22), this formula has an extra factor
4/9 and, in the spectrum-overlap integral analogous to
the integral in Eq. (2), α''(ω) is replaced by Im[(ε1(ω) –
1)/(ε1(ω) + 1)]. It is clear that the factor 4/9 appears
because the contribution from the other plate is not
taken into account. However, the original expression is
not symmetric under the permutation of indices 1
2
and its formal symmetrization, performed in [8],
resulted in a final symmetric expression in which the
contributions to the damping force linear in velocity
canceled each other out. Furthermore, even without
symmetrization, the damping force also becomes zero
for plates of the same type, in contrast to Eq. (22). This
shows once again that the approximation made in [8]
suffers from shortcomings. For the purposes of this
paper, however, the most important point is that
although the results obtained in [8–10] are based on the
continuum model and do not involve the assumption
that the interactions are additive, these results lead to
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the same dependence of the damping force on the distance d as that in Eq. (22).
In actual practice, the calculations of the fluctuational forces acting between plane surfaces are of
importance in surface-force apparatus experiments
[14], in which one measures the friction forces between
mica plates covered with surfactants.
6. CONCLUSIONS
Thus, the theoretical model proposed in [4, 5] for
calculating nonrelativistic dynamical fluctuational dissipative forces is developed further. We derived closed
analytical formulas for the damping forces acting
between a parabolic nanoprobe and a plane surface,
between a neutral spherical atom and a conducting surface, and between parallel thick plates divided by a gap.
The metal–metal, insulator–insulator, metal–insulator,
and insulator–metal contacts are considered. The formulas derived allow for absorption of electromagnetic
waves in the low-frequency spectral range and predict
characteristic dependences of the damping forces upon
velocity, temperature, distance, nanoprobe radius, and
electrical characteristics of interacting solids. In particular, it is predicted that, in all cases considered in this
paper, the damping force proportional to the velocity
does not vanish at zero temperature. The conditions for
nondissipative slide of surfaces are discussed.
The Q factor of oscillators is estimated for the modulation mode of the AFM operation, and a comparison
with the experimental data is made for the case of a silicon nanoprobe interacting with mica. The calculated
and experimental fluctuational electromagnetic forces
are shown to be of the same order of magnitude (0.001–
1 nN), so that their AFM measurement is feasible.
It is also shown that the damping time for moving
adatoms measured in quartz microbalance experiments

can be associated with fluctuational electromagnetic
forces.
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